Abstract. Mathematical models of spreading depression are considered in the form of reactiondiffusion systems in two space dimensions. The systems are solved numerically. In the two component model with potassium and calcium ion concentrations, we demonstrate, using updated parameter values, travelling solitary waves of increased potassium and decreased calcium. These have circular wavefronts emanating from a region of application of potassium chloride. The collision of two such waves does not, as in one space dimension, result in annihilation but the formation of a unified wave with a large wavefront. For the first time we show that the mathematical model reproduces the actual properties of spreading depression waves in cortical structures. With attention to geometry, timing and location of stimuli we have succeeded in finding reverberating waves matching experiment. By simulating the technique of anodal block, spiral waves have also been demonstrated which parallel those found experimentally. The six-component model, which contains additionally sodium, chloride, glutamate and GABA, is also investigated in 2 space dimensions, including an experimentally based exchange pump for sodium and potassium. Solutions are obtained without (amplitude 29 mM external K + ) and with action potentials (amplitude 44 mM external K + ) with speeds of propagation, allowing for tortuosity, of 1.4 mm/minute and 2.7 mm/minute, respectively. When action potentials are included a somewhat higher pump strength is required to ensure the return to resting state.
INTRODUCTION
Spreading depression (SD) is a complex wave of transient depolarization of neurons and glia that propagates across cortical and subcortical gray matter at speeds of 2-5 mm/min. It arises mainly as a response to brain injury or pathology. By itself SD does not usually damage brain tissue, but during stroke and head trauma SD can arise repeatedly near the site of injury and may promote neuronal damage. One of the characteristics of SD is a large increase in extracellular potassium and a dramatic fall in extracellular calcium and other ions [1, 2] . For reviews, see [3, 4] .
There has been much evidence for the idea that SD is a concomitant or cause of migraine [5] [6] [7] . A strong link exists between glutamate and migraine [8] and glutamate has been found to be important in the propagation of SD [9] . SD is associated with focal ischemia, traumatic brain injury [10, 11] , seizure activity [12] and spinal cord injury [13] . New effects and roles for SD have been discovered in the last several years. It has been demonstrated in human neocortical slices [14] , has been found to suppress γ-activity in rabbit cortex [15] and it has been elicited in the brainstem [16] , thought previously not to be capable of supporting SD. SD has also been recently shown to release ATP into the extracellular compartment [17] and sustained elevated levels of potassium ion concentration have been found to lead to significant amounts of neuronal death [18] . Another finding, revealed by MRI, is that SD has components called primary and secondary events, the former having greater range and greater speed [19] .
SD involves neuronal, including synaptic, and glial elements and there are a very large number of physiological and anatomical details which are relevant to its propagation, all of which are difficult to include in a mathematical model. These details include those of the dynamics of many neuronal and glial ion channels, pumps and other clearance mechanisms, blood supply, gap junctions as well as diffusion in the extracellular space. Just the aspects of presynaptic terminals and the dynamics of transmitter release are extremely complex as there are hundreds of different channel types in these specialized parts of the nervous system [20] . Glia and neurons are connected by gap junctions which are ubiquitous in brain circuits [21] . Some gap-junction blockers have been found to impede SD, resulting in reduced amplitude and duration [22] . The NMDA blocker MK-801 was found to prevent SD in mouse neocortical slices but not an accompanying astrocytic calcium wave, though its speed was reduced [23] . Further, the specific gap junction blocker carbenoxolon did not prevent SD but also reduced the speed of the calcium wave. It is noteworthy that increased potassium reduces the efficacy of NMDA receptor antagonists to block SD [11] .
There appears to be a reciprocal interaction between neurons and glia through neurotransmitter release, uptake and calcium fluxes [24, 25] . Astrocytes have been found to play a role in the modulation of synaptic inhibition [26] and glia have been suggested as playing an important role in SD [27] . However, the effects of gap junction blockers may be more than just blocking gap junctions, which clouds the role of gap junctions in SD. For example, some alcohols have been shown to affect both receptor-activated ion channels and voltage-gated ion channels [28] . These effects include inhibition of subtypes of NMDA-glutamate receptor ion channels and potentiation of certain subtypes of GABA-A receptor ion channels. Altered properties of these and other ion channels may contribute to the difficulty of eliciting SD in the presence of gap-junction blockers. Furthermore, alcohols may change the probabilities of opening of sodium channels [29, 30] .
Mathematical models of SD have usually taken the form of reaction-diffusion systems -that is systems of parabolic partial differential equations involving spatial diffusion, with one or several equations for each neurochemical variable. Solutions of the equations are obtained by numerical methods, although some useful information about solution properties can be obtained analytically for the simpler models. Theoretical and experimental aspects of reaction-diffusion systems in the brain have been comprehensively reviewed by Nicholson [31] .
Properties of reaction-diffusion systems in other areas such as the BelousovZhabotinsky reaction [32] may extend to neural phenomena including SD. Computational models of SD have sometimes adopted the cellular automata approach which is a useful first approximation [33, 34] . Properties of SD, such as topographical constraints, have also been usefully investigated with mathematical models of general excitable systems, typified by the Fitzhugh-Nagumo equations [33, [35] [36] [37] and metabolic models have been related to migraine aura [38] . Shapiro's [39] model included a great amount of physiological detail including gap-junctional mechanisms and volume changes.
Continuum neural models have mathematical properties of interest, such as travelling wave solutions [40] and pattern formation [41] . Theoretical models of SD include those which incorporate a single-cell approach [42, 43] , which is useful for delineating local effects, and electrodiffusion models [44] . In this article we consider some properties of reaction-diffusion models with 2 and 6 components in two space dimensions in order to investigate their properties and to demonstrate for the first time the experimental phenomena of spiral waves and reverberating waves for SD.
THE SIMPLIFIED TWO-COMPONENT MODEL IN TWO SPACE DIMENSIONS
Diffusion through brain extracellular space proceeds quite readily even for larger molecules [48, 49] so there is doubtless a substantial contribution to the propagation of SD by diffusion. This is supported by the fact that models which allow for diffusion and tortuosity give the correct speed for SD. Significant changes in extracellular space occur during SD [50, 51] but these changes are neglected here because we concentrate mainly on low-amplitude waves and moderate changes in external K + have little such effect [52, 53] . In the simplified model in two space dimensions, with extracellular potassium and calcium ion concentrations, denoted by K o (x, y,t) and Ca o (x, y,t), playing key roles, the model equations are as follows, slightly modified from [46] ,
∂ y 2 , D K and D Ca are diffusion coefficients and f and g are the reaction terms to be described below. To reduce the number of differential equations with little loss of accuracy the corresponding internal concentrations are given by
where the superscript R denotes resting level and where α/β and α/γ are ratios of the volume of extracellular space to those of the appropriate intracellular compartments. For potassium, contributions to f come from flux into postsynaptic compartments and a pump which acts to restore resting ionic concentrations. We may put f = f source − f pump where
and
) . Here V K and V Ca are the Nernst potentials for potassium and calcium
and V is the equilibrium membrane potential
where Na i,o , Cl i,o are the appropriate internal and external concentrations of sodium and chloride ions and p Na , p Cl are the corresponding relative permeabilities. g Ca (V ) is the calcium conductance of presynaptic membrane, given by
where V c is a cut off voltage and putting
ensures that the conductance rises smoothly from zero. 
) .
The value of
RT F is chosen appropriately for 37 degrees Celsius. All concentrations are in mM.
What we will call the standard parameter set consists of the following:
The accepted value for the fraction of the brain which is extracellular space is 0.2 [49] so the values of α/β and α/γ differ considerably from those used previously, being based on [54] . Note that the actual intracellular volumes are not necessarily those available for occupation by ions and molecules because of various intracellular organelles such as mitochondria, filaments and other elements. The model was tested with large ranges for these parameters. Since here sodium and chloride movements are ignored, in contrast with the 6-component model, the quantities
are held fixed at 9 mM and 40 mM, respectively. The quantity RT /F is set at 60.09. Numerical integration is performed on x ∈ [0, 2.5], y ∈ [0, 2, 5] with an explicit method and the results were checked against those for an implicit method. For the numerical integration ∆x = ∆y = 2.5/300 and ∆t = .005. (Distances are scaled so that the diffusion coefficients are 0.0025 and 0.00125 for potassium and calcium.) With the standard set of 
Collision
In Figure 3 is shown the result for a collision between two SD waves, one starting at (x, y) = (1.05, 1.05) and the other at (x, y) = (1.45, 1.45). It can be seen that after colliding the waves merge to form a wave of a large wavefront, unlike the case in 1 spatial dimension where colliding waves annihilate.
Reverberating SD waves
One very interesting aspect of waves of spreading depression was the demonstration of reverberating waves; that is, waves which keep circling an obstacle for a very long time. In the experiments [55] in rat cortex, spreading depresssion waves could circulate for several cycles, with more cycles when lesions were made in some regions than others. On occasion, up to 27 cycles were observed. The principal method of instigation of reverberating SD was with the topographical set up of Figure 4 . As depicted in A, a lesion or obstacle Q of large enough dimension is made in the cortex. A suitable stimulus, such as a local increase of potassium chloride concentration sufficient to elicit a wave, is applied at S1. After a certain time interval, the wavefront has split into two components W1 and W2 on either side of Q. At this point a second stimulus S2 is applied so that its emitted waves move on one side into the refractory zone of W1 and on the other side into the recovered zone in the wake of W1. If the timing and location of the second stimulus are appropriate, then as shown in B the first waves have passed the obstacle as wavefront W3 and meanwhile the surviving part of the secondary wave is at U1. In C, the first wave has reached the boundary as W4 where it will die and the secondary wave has advanced to U2. Hereafter, as in D, the secondary wave is able to circulate unimpeded around the obstacle. In experimental reverberating SD, the wave motion starts to slow after several cycles and eventually disappears due to exhaustion of local metabolic resources after successive recoveries from SD. This latter aspect is not addressed with the present model but it could possibly be incorporated in a model such as that of [56, 57] where metabolic variables were included in a model of stroke which embraced SD.
The The resulting wave pattern was observed and it was noted when one branch of the primary wave was at W1 as indicated in Figure 4A . There was not much freedom in the timing and location of the second stimulus S2. Several placements led to a non-clean secondary wave which left behind a small patch of increased potassium that developed into a complex wave pattern. Thus after several attempts the following second stimulus was found to lead to a clean SD wave emanating from S2 in the back direction In A is shown a brain region containing a lesion or obstacle Q which blocks the passage of SD. S1 is the first stimulus which gives rise to waves W1 and W2 which pass around the obstacle. At a suitable time and location, a second stimulus S2 is applied in the back of the first wave W1. As shown in B, this wave can only move to the right which it does into a non-refractory zone. Meanwhile the first waves advance firstly to W3 and then as seen in C to the boundary of the region where they die, leaving the sole SD wave to circulate unimpeded as in D.
small amount and, by t k = 150, two SD wavefronts are observed travelling in opposite directions away from the source. At t k = 280 the wavefronts are at about the narrowest part of the region between obstacle and boundary and this is when the second stimulus is applied at t k = 281 -see the bottom right part of Figure 5 . At t k = 500 (see Figure  6 ), the initial two wave branches waves are merged and about to pass into the left-hand boundary at y = 0 where they are absorbed whereas the secondary wave is seen travelling at top right on its first circuit of the obstacle. At t k = 700 the sole secondary wave can be seen travelling down past the right side of the obstacle and it continues indefinitely, in the absence of metabolic constraints, in a clockwise motion about the obstacle.
Spiral SD waves
Spiral waves are frequently found in reaction-diffusion systems involving excitable and recovering elements [41, 35, 58] and there have been many theoretical attempts to understand them [59] [60] [61] . Experimentally they have been observed for SD in chicken retina [62, 63] . However they have never been obtained in bona fide models of spreading depression so we decided to investigate their possible occurrence in the improved two-component model outlined above. Time did not allow their investigation in more complex models. In one set of spreading depression experiments carried out on chicken retina, the method of anodal block was used to extinguish a part of an SD wavefront [62] . The end of remaining part of the wave curled around behind the almost plane-wave front to give a spiral. This could be done by dissolving one end of a wave or a middle segment. In the latter case two spirals lurched towards each other.
To study this phenomenon it is necessary to effect the mathematical equivalent of an anodal block. There are doubtless several ways to do this, but the following was adopted. A wave is started at point P in Figure 7 in the lower left quadrant. A block of all entry of an SD wave into the lower right (shaded) quadrant is effected by holding the ionic concentrations at their resting levels until the time when the wavefront from the source at P is just at the upper edge RS of the lower left quadrant. At this instant the clamp on the lower right quadrant is removed, leaving a wavefront along RS with a completely unrefractory region to its right and a refractory region immediately behind it. At the time of the removal of the clamp, the set up is equivalent to having extinguished the right branch of a travelling wavefront.
The results of the computations are shown in Figure 8 . The region considered is x ∈ [0, 2], y ∈ [0, 2] with 151 space points in both x and y directions. The time step is 0.01. The lower right quadrant was held at the resting level until t k = 400 and a wave started with the initial distribution upper boundary of the lower left quadrant as seen in the Figure. At t k = 600 the right hand end of the wave has begun to curl around behind the plane wave and this spiralling continues for several turns until the simulation is terminated at t k = 900. Note that these spirals are actually circular but the graphic limitations have made them appear rather squarish. The spiralling is exactly analogous to that found in experiments with the anodal block technique.
THE 6-COMPONENT MODEL WITH
K + , Ca ++ , Na + , Cl − AND
EXCITATORY AND INHIBITORY TRANSMITTERS
The above two-component model is useful for studying certain phenomena associated with spreading depression. However, a more extensive model [47] considers the 4 ions K + , Ca ++ , Na + , Cl − and an excitatory transmitter, denoted by T E , which is expected to be mainly glutamate, and an inhibitory transmitter, denoted by T I , mostly GABA. Letting the vector of external ion and transmitter concentrations be u(x, y,t) with u 1 , ..., u 6 , as those of K + , Ca ++ , Na + , Cl − , T E and T I , respectively, then quite generally
with an initital condition u(x, y, 0) = u 0 (x, y), and suitable conditions at the boundary of the region under consideration. SD is actually a phenomenon in 3 space dimensions, but we consider only two for economy of computation. We consider two intracellular compartments, one pertaining to synapses and the other to nonsynaptic processes which may include contributions from glia. These are assigned possibly different ratios of extracellular to intracellular volumes, denoted by α 1 and α 2 , respectively. The internal ion concentrations, denoted by u int i , i = 1, 2, 3, 4, are assumed to be given by the local conservation equations, which for potassium, sodium and chloride are, with R denoting a resting equilibrium value,
for potassium, sodium and chloride whereas for calcium
It is more transparent to use
I for the ion and transmitter concentrations and it is expeditious to omit the space-time coordinates (x, y,t). The membrane potential is assumed given by the Goldman formula
and the Nernst potentials are as given in Section 2 for K and Ca and by similar formulas for Na and Cl. The very complex dynamics of calcium at presynaptic terminals have been the subject of many experimental and theoretical studies mainly with a view to quantitatively understanding transmitter release [64] [65] [66] . Other works have concentrated on calcium dynamics in neurons during action potentials [67] . We include a major component of calcium fluxes, that associated with the activation of synapses because of its relevance to transmitter release. Although flows through other membranes are doubtless significant they are for the most part neglected in the present model. Their inclusion is no more difficult and their quantitative aspects just as uncertain but to maintain a degree of simplicity they are omitted. The source and sink terms are slightly modified from those given in [46] . For potassium,
where P K,Na is the pump term and f K,p is a passive flux term given by
where V M,R is resting membrane potential. The constant k 5 ensures that f K = 0 at resting levels and it is assumed that the transmitter induced conductance changes are zero unless T o E , T o I are positive. Although ion pumps have a complicated dependence on concentrations of several ion species [68, 69] , we have adopted a model with an explicit and relatively simple form for the sodium-potassium exchange pump [70] ,
where it is assumed that Na i > 0 and
where the calcium conductance is
V T M being a cut-off potential with
to ensure g Ca rises smoothly up from zero as V M increases through V T M . The calcium pump is simply
The sodium and chloride terms contain transmitter-induced conductance changes and pumps
where
Glutamate NMDA receptors have been strongly implicated in SD as known blockers of them prevent SD [71, 72] . Rates of transmitter release are assumed proportional to calcium flux so
Glutamate may also be released from glia during SD [73, 74] , but this contribution is not explicitly taken into account here. The pump terms for glutamate and GABA represents the clearance of these transmitters, for example into glial cells [75] . where c is a constant and V Na is the sodium Nernst potential. The membrane potentials between which action potentials are emitted are v 1 and v 2 , with v 1 < v 2 . We now have
In the calculations we set v 1 = −55 mV and v 2 = −20 mV. The distribution of potassium ion concentration with the inclusion of action potentials is shown in Figure 11 . Three distributions are shown at t k = 350 (∆t = 0.01). The smaller wave is the solution with the standard parameter set and no action potential contribution. The red curve shows the effect of including the action potential term with c = 0.0015 and no change in the strength of the sodium-potassium exchange pump. It can be seen that the ion concentrations do not return to rest, although they may do so eventually. Increasing the pump strength parameter by 10% so that k 17 = 635.6845 gave a properly formed homoclinic orbit with a return of ion concentrations to resting levels. In this particular calculation the external sodium ion concentration did not fall very much because the exchange pump returns sodium to the extracellular compartment more rapidly. No attempt was made to increase the inward sodium or calcium fluxes due to action potentials, this aspect being left for later work.
DISCUSSION
There has been much interest in both experimental and theoretical aspects of SD in recent years, mainly because it has become increasingly apparent that SD plays a significant role in many pathologies of the nervous system. The most prominent example and that which has attracted the most attention is migraine headache. However, there has been much interest also in SD as a concomitant of stroke and of seizures. Furthermore, the implication that SD occurs in spinal cord injury is remarkable. It has also been hypothesized that waves similar to SD might accompany orgasm [77] .
The phenomenon of SD has been investigated for over 60 years and comprehensive modeling (as opposed to an ad hoc approach where elements are either excited or not and may excite their neighbours) of the kind discussed in the present article was commenced 30 years ago. Since that time there have been a few attempts to address the physiological and anatomical substrates of SD. It is clear that the number of neural, glial, synaptic, metabolic and neurochemical variables which are involved in some way with the formation and passage of an SD wave is very large. A knowledge of all the relevant factors is hard to acquire, not only because of the size of the task, but also because of the uncertainties in the numerical values which one should ascribe to many parameter values. As an example, the ratio, let us call it α, of extracellular to intracellular volumes is an important variable. The usually quoted value for this parameter is 0.2. However, what does this mean? When we consider the space surrounding a synaptic terminal and the space within a synaptic terminal it is not at all clear what α is because the portion of the synaptic terminal that is available for the free motion of ions is known to be much less than its actual physical volume. Calcium is not able to diffuse freely for more than a very short distance in terminals [78] due to buffering. If the volume of a terminal is about 0.5 µ 3 [79] and one takes the rough density of synapses to be 1 per square micron of cortical area [80] , then the value of α becomes much larger than 0.2. Despite the limitations on the accurate knowledge of many parameters and the neglect of certain variables, the present computations have been successful in predicting or agreeing with many of the observed properties of SD waves.
